We show that the mapping class group of an orientable surface of complexity at least one is not strongly relatively hyperbolic (i.e., in the sense of Bowditch) relative to any finite collection of finitely generated subgroups.
Introduction
In recent years, the notion of relative hyperbolicity has become a powerful method for establishing analytic and geometric properties of groups, see for example [5] , [6] , [13] , [14] , [15] , [17] . In particular, it has been tied in with the notions of exactness, which is itself connected to the Novikov conjecture and the Baum-Connes conjecture, and of asymptotic dimension. Relatively hyperbolic groups, first introduced by Gromov [9] and then elaborated on by various authors [4] , [8] , [16] , provide a natural generalization of hyperbolic groups and geometrically finite Kleinian groups.
The mapping class group of a surface is a central object in geometric group theory, as it straddles several different types of behavior. For instance, most surface mapping class groups exhibit hyperbolic-type behavior even though they are not word-hyperbolic (they contain abelian subgroups of rank at least two, arising from Dehn twists along disjoint simple closed curves on the surface). Among surfaces of negative Euler characteristic, the only exceptions to this are the mapping class group of the thrice-punctured sphere (which is trivial) and the mapping class groups of the four-times punctured sphere and of the once-punctured torus. For the latter two surfaces, the mapping class groups are both isomorphic to PSL(2, Z) and therefore word-hyperbolic (being a discrete group of isometries of the hyperbolic plane H 2 ).
In principle, one could try to adapt the theory of relatively hyperbolic groups to the study of mapping class groups. Several efforts have been made in this direction, especially in [12] , where the authors endow the mapping class group of a surface with a weak relative hyperbolic structure, relative to a particular class of geometrically defined subgroups (see also [3] ).
The main result of this note, stated as Theorem 1, is that almost all mapping class groups are not strongly hyperbolic relative to any finite class of subgroups. This reinforces the failure of the analogy between geometrically finite groups and their action on negatively curved spaces, for which the geometrically finite groups are strongly hyperbolic relative to their parabolic subgroups, and the mapping class groups and their action on Teichmüller space.
There are two related but inequivalent definitions of relative hyperbolicity that are commonly used, due to Farb [8] and to Gromov-Szczepański-Bowditch (see [9] , [16] , [4] ). As we only go into as much detail as is required for us to state our results, we refer the interested reader to the cited papers for a more expansive treatment.
We first give the definition given by Farb [8] and refer to this as weak relative hyperbolicity. For a finitely generated group G and a finite family of finitely generated subgroups {H 1 , H 2 , . . . , H m }, we form an augmentation of the Cayley graph Γ G of G, denoted Γ G , as follows. First, choose a finite generating set S for G and form the Cayley graph Γ G for G with respect to S. Give Γ G the path-metric obtained by declaring each edge to be of length one. Then, for each 1 ≤ j ≤ m, add to Γ G a new point v gH j for each coset gH j of H j and declare the distance between each new point v gH j and each point of the associated coset gH j to be one. We say that G is weakly hyperbolic relative to H 1 , H 2 , . . . , H m if the resulting metric on Γ G is hyperbolic in the sense of Gromov. Farb [8] shows this definition does not depend on the choice of generating set. In the same paper Farb introduces the notion of bounded coset penetration (BCP), as a wide class of groups that admit a weak relatively hyperbolic structure satisfy a further weak local finiteness property, which is bounded coset penetration. Roughly speaking, BCP inposes certain fellow-travelling conditions on pairs of quasi-geodesics on Γ G , with the same endpoints, that enter cosets of the subgroups
Bowditch [4] gives two equivalent dynamical notions of relative hyperbolicity, of which we recall the second. We will refer to this notion as strong relative hyperbolicity. We say that a group G is strongly hyperbolic relative to the family H 1 , H 2 , . . . , H m of finitely generated subgroups if G admits an action on a connected, hyperbolic graph K such that K is fine (that is, for each n ∈ N, each edge of K belongs to finitely many circuits of length n), there are only finitely many G-orbits of edges, each edge stabiliser is finite, and the stabilisers of vertices of infinite valence are precisely the conjugates of the H i .
We note that strong relative hyperbolicity (with respect to some finite collection of finitely generated subgroups) is equivalent to weak relative hyperbolicity plus BCP (with respect to the same collection of subgroups), see [16] and [6] . The BCP property is crucial: as noted in [16] , the group Z ⊕ Z is weakly (but not strongly) hyperbolic relative to the subgroup {(m, m) | m ∈ Z} of multiples. As we will shortly see, the mapping class group of a surface constitutes another example of this phenomenon.
We mention here that a characterisation of strong relative hyperbolicity in terms of relative presentations and isoperimetric inequalities is given in [14] .
During the final preparation of this note, we were informed that Behrstock and Mosher have found an alternative argument for Theorem 1, though with restrictions on the peripheral subgroups, using asymptotic cones and the description of relative hyperbolicity due to Drutu and Sapir [7] .
Mapping class groups
Throughout this section, we work with a connected orientable surface S of finite topological type. By this, we mean that S has finitely generated fundamental group. We view S as the complement of a finite number of points on a compact, orientable surface; we refer to the points removed as the punctures on S. Denote the genus of S by g and the number of punctures on S by p. Following Bowditch [3] , we define the complexity of S to be C(S) = 3g + n − 4. We are only interested in surfaces S for which C(S) ≥ 0) . For surfaces S with C(S) = 0 (that is, the four-holed sphere and the once-punctured torus), the mapping class group is itself hyperbolic, as we mentioned before.
We say that a simple loop on S is homotopically trivial if it bounds a disc or a once-punctured disc. By a curve, we mean the free homotopy class of a homotopically non-trivial simple loop on S.
The curve graph associated to S is formed by taking the collection of all curves on S as its vertices and by declaring two distinct curves adjacent if they have disjoint representatives. The curve graph is the 1-skeleton of Harvey's curve complex, for which C(S) is the simplicial dimension. The curve graph associated to S is connected when C(S) is positive; in this case, it is also unbounded and locally infinite (see [12] ). It is a remarkable result of Masur and Minsky [12] that every curve graph is Gromov hyperbolic in the path-metric obtained by assigning length one to each edge (see also [3] for another proof of this fact).
The mapping class group MCG(S) of S is the group of all homotopy classes of orientation-preserving self-homeomorphisms of S. It is known that MCG(S) is finitely presentable and is generated by a finite collection of Dehn twists (we refer to Ivanov [10] for more facts about MCG(S)). The natural action of MCG(S) on the collection of curves on S extends to a natural simplicial action on the curve graph and on the curve complex. Indeed, for most surfaces MCG(S) is isomorphic to the automorphism group of the curve complex (see [10] , [11] ).
We are now ready to state our main theorem.
Theorem 1 Let S be a surface of complexity C(S) ≥ 1. There does not exist a finite collection L 1 , . . . , L p of finitely generated subgroups such that MCG(S) is strongly hyperbolic relative to
This answers a question raised by several people, in particular Szczepański [16] (see Question 2, page 617) for curve stabilisers (defined below) and Behrstock [1] (see Question 6.24) in full.
There is a natural class of subgroups of MCG(S), which are the curve stabilizers. For any curve c on S, consider the subgroups of MCG(S) of the form
Up to the action of MCG(S), there are finitely many such subgroups. This follows immediately from the fact that, up the action of MCG(S) on S, there are only finitely many curves on S, and these curves are parametrized by the topological type of the complement S − c of c in S; up to the action of MCG(S), there is one non-separating curve and finitely many separating curves. Label these subgroups of MCG(S) as H 1 , . . . , H m . As we mentioned before, it is known (see Theorem 1.3 of [12] ) that MCG(S) is weakly hyperbolic relative to H 1 , . . . , H m for a surface S with C(S) ≥ 1.
The main tool we use to prove Theorem 1 is the following theorem, which combines material from Theorem 1.4 and Theorem 1.5 of Osin [14] .
Theorem 2 (Osin [14] , from Theorem 1.4 and Theorem 1.5) Let G be a finitely generated group which is strongly hyperbolic relative to the finitely generated subgroups L 1 , . . . , L p . Then,
Theorem 2 provides sufficient information to show that MCG(S) is not strongly hyperbolic relative to the curve stabilizers H 1 , . . . , H m , as noted by Osin [14] (see Example VI on page 5).
We also make use of the following lemma, which follows directly from Theorems 4.16 and 4.19 of Osin [14] , along with the fact that a finitely generated abelian group of rank at least two is not hyperbolic. We note that while this lemma is implicit in the literature, it has never been stated (to the best of our knowledge) in this form, and so we include because it may be of independent interest. Recall that the rank of a finitely generated abelian group A is the rank of a free abelian subgroup A 0 of finite index in A.
Lemma 3 Let G be a finitely generated group that is strongly hyperbolic relative to the finitely generated subgroups K 1 , . . . , K q . If A is an abelian subgroup of G of rank at least two, then A is contained in some K j , up to conjugation.
We are now ready to prove the main result of this note.
Proof [of Theorem 1] Suppose that MCG(S) were strongly hyperbolic relative to a finite collection L 1 , . . . , L p of finitely generated subgroups. We first show that no L j can contain a (power of a) Dehn twist. For, suppose that there exists a simple curve c 0 on S and an integer n 0 ≥ 1 so that τ n 0 0 ∈ L j , where τ 0 is the (right) Dehn twist about c 0 . Let c 1 be any simple curve on S that is disjoint from c 0 . (Such a curve exists, as we have assumed that C(S) ≥ 1.) Since c 0 and c 1 are disjoint simple curves, we have that τ n 0 0 and τ 1 commute. In particular, we must have that τ
is infinite, Theorem 2 implies that τ 1 ∈ L j . In fact, we could first show that τ 0 ∈ L j , using the same argument.
We now proceed by induction. Let c be any simple curve on S. By the connectivity of the curve graph, there is a sequence c 0 , c 1 , . . . , c n = c of simple curves so that c k−1 and c k are disjoint for 1 ≤ k ≤ n. The argument just given shows that if τ k−1 ∈ L j , then τ k ∈ L j . In particular, we have that the Dehn twist about c belongs to L j . Since MCG(S) is generated by a finite collection of Dehn twists about simple curves, this shows that G = L j , which is a contradiction to the standing assumption that the subgroups L 1 , . . . , L q are proper. (We note that analogous arguments can be found in the context of convergence groups, see [2] .) Hence, if MCG(S) is strongly hyperbolic relative to L 1 , . . . , L p , then no L j can contain (a power of) a Dehn twist about a curve on S.
So, let c 1 and c 2 be two disjoint curves on S. The subgroup A = τ 1 , τ 2 is a rank two abelian subgroup of MCG(S), and so by Lemma 3, we see that A is conjugate into some L j . However, this contradicts the argument we have just given. QED There has been much work recently showing that if a finitely generated group G is strongly hyperbolic relative to finitely generated subgroups L 1 , . . . , L p and if each of the L j has a certain property, then G has that property. Examples include recent work of Ozawa [15] (for which the property is boundary amenability), Osin [13] (for which the property is finite asymptotic dimension), and Dadarlat and Guentner [5] (for which the property is uniform embeddability in a Hilbert space). One consequence of Theorem 1 is that these results do not apply to the mapping class group MCG(S) of any surface of complexity C(S) ≥ 1, and so other techniques are needed to address related questions for MCG(S).
